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Abstract. A Banach space X has the Daugavet property if the Daugavet 
equation ||Id+T|| = 1 + ||T|| holds for every rank-one operator T : X — ► X. 
We show that the most natural attempts to introduce new properties by 
considering other norm equalities for operators (like ||s(T)[| = /(||T||) for 
C-^| ■ some functions / and g) lead in fact to the Daugavet property of the space. 

On the other hand there are equations (for example ||Id + T\\ = ||Id — T\\) 
that lead to new, strictly weaker properties of Banach spaces. 
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1. Introduction 



The purpose of this paper is to study equalities involving the norm of op- 
erators on Banach spaces, and to discuss the possibility of defining isometric 
properties for Banach spaces by requiring that all operators of a suitable class 
satisfy such a norm equality. 

The interest in this topic goes back to 1963, when the Russian mathemati- 
cian I. Daugavet [TO] showed that each compact operator T on C[0, 1] satisfies 
the norm equality 

(DE) ||H + T|| = 1 + ||T||. 
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2 Norm equalities for operators 

The above equation is nowadays referred to as Daugavet equation. Few years 
later, this result was extended to various classes of operators on some Banach 
spaces, including weakly compact operators on C(K) for perfect K and on 
Lx{fi) for atomless \i (see [22] for an elementary approach). These results were 
left without much attention until the beginning of the eighties, when a new 
wave of interest in this topic surfaced, and the Daugavet equation was studied 
by many authors in various contexts. We refer the reader to the books [H E] 
for a brief study of this equation from different points of view. 

In the late nineties, new ideas were infused into this field and, instead of 
looking for new spaces and new classes of operators on them for which (|DE|) is 
valid, the geometry of Banach spaces having the so-called Daugavet property 
was studied. Following [IH1IIII1, we sa Y that a Banach space X has the Daugavet 
property if every rank-one operator T e L(X) satisfies (|DE|) (we write L(X) 
for the Banach algebra of all bounded linear operators on X). In such a case, 
every operator on X not fixing a copy of t\ also satisfies (|DEj) [26] ; in particular, 
this happens to every compact or weakly compact operator on X \V3\. There 
are several characterizations of the Daugavet property which does not involve 
operators (see [111 EH])- For instance, a Banach space X has the Daugavet 
property if and only if for every x G Sx and every e > the closed convex hull 
of the set 

B x \(x + {2- e) B x ) 

coincides with the whole Bx- Here and subsequently, Bx and Sx stand, 
respectively, for the closed unit ball and the unit sphere of a Banach space 
X. Let us observe that the above characterization shows that the Daugavet 
property is somehow extremely opposite to the Radon-Nikodym property. 

Although the Daugavet property is clearly of isometric nature, it induces var- 
ious isomorphic restrictions. For instance, a Banach space with the Daugavet 
property does not have the Radon-Nikodym property [29] (actually, every slice 
of the unit ball has diameter 2 (THJ) , it contains l\ [TH], it does not have un- 
conditional basis [in] and, moreover, it does not isomorphically embed into an 
unconditional sum of Banach spaces without a copy of l\ [2H]. It is worthwhile 
to remark that the latter result continues a line of generalization ([11], [T7] . 
|19j ) of the known theorem of A. Pelczyhski |24] from 1961 saying that neither 
C[0, 1] nor Li[0, 1] embeds into a space with unconditional basis 

The state-of-the-art on the Daugavet property can be found in [2H|; f° r very 
recent results we refer the reader to [U EJ [TJ] and references therein. 

In view of the deep consequences that the Daugavet property has on the 
geometry of a Banach space, one may wonder whether it is possible to define 
other interesting properties by requiring all rank-one operators on a Banach 
space to satisfy a suitable norm equality. This is the aim of the present paper. 

Let us give some remarks on the question which will also serve to present 
the outline of our further discussion. First, the Daugavet property clearly 
implies that the norm of Id + T only depends on the norm of T. Then, a 
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possible generalization of the Daugavet property is to require that every rank- 
one operator T on a Banach space X satisfies a norm equality of the form 

||Id + T||=/(||T||) 

for a fixed function / : Wq — > R. It is easy to show (see Proposition 12 .2j) that 
the only property which can be defined in this way is the Daugavet property. 
Therefore, we should look for equations in which Id + T is replaced for other 
function of T, i.e. we fix functions g and / and we require that every rank-one 
operator T on a Banach space X satisfies the norm equality 

\\9(T)\\=f(\\T\\). 

We need g to carry operators to operators and to apply to arbitrary rank-one 
operators, so it is natural to impose g to be a power series with infinite radius 
of convergence, i.e. an analytic function defined on the whole K (= 1 or C). 
Again, the only non trivial possibility is the Daugavet property, as we will show 
in section El Section HI is devoted to the last kind of equations we would like to 
study. Concretely, we consider an analytic function g, a continuous function 
/, and a Banach space X, and we require each rank-one operator T G L(X) 
to satisfy the norm equality 

(1) Ud + g(T)\\ = f(\\g(T)\\). 

If X is a Banach space with the Daugavet property and g is an analytic func- 
tion, then it is easy to see that the norm equality 

\\Id + g(T)\\ = \l + g(0)\-\g(0)\ + \\g(T)\\ 

holds for every rank-one T G L(X). Therefore, contrary to the previous cases, 
our aim here is not to show that only few functions g are possible in (JJJ, but 
to prove that many functions g produce the same property. Unfortunately, we 
have to separate the complex case and the real case, and only in the first one 
we are able to give fully satisfactory results. More concretely, we consider a 
complex Banach space X, an entire function g and a continuous function /, 
such that JIJ) holds for every rank-one operator T G L(X). If Reg(O) 7^ —1/2, 
then X has the Daugavet property. Surprisingly, the result is not true when 
Reg(O) = —1/2, where another family of properties strictly weaker than the 
Daugavet property appears: there exists a modulus one complex number uo 
such that the norm equality 

(2) ||Id + wT|| = ||Id + T|| 

holds for every rank-one T G L(X). In the real case, the discussion above 
depends upon the surjectivity of g, and there are many open questions when 
g is not onto. Finally, we give in section El some remarks about the properties 
defined by norm equalities of the form given in (J2j). 

We finish the introduction by commenting that, although we have been 
unable to find any result as the above ones in the literature, there are several 
papers in which the authors work on inequalities which remind the Daugavet 
equation. For instance, it is proved in [Hj (see also [2H| §9]) that for every 
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1 < p < oo, p 7^ 2, there exists a function v? P : (0, oo) — > (0, oo) such that the 
inequality 

(3) ||Id + T||^l + ^(||T||) 

holds for every nonzero compact operator T on L p [Q, 1] (see [E] for the ip p 
estimates). This result has been recently carried to non-commutative C p - 
spaces and to some spaces of operators [2"2"| I23| . Finally, inequalities as Q in 
which ip p is linear are studied in f2£ 



2. Preliminaries 

Let us start by fixing some notation. We use the symbols T and D to denote, 
respectively, the unit sphere and the closed unit ball of the base field K, and we 
write Re(-) to denote the real part function, which is nothing than the identity 
when K = R. Given a Banach space X, the dual space of X is denoted by 
X* and, when X is a complex space, Xr is the underlying real space. Given 
x G X and x* G X*, we write x* (g> x to denote the bounded linear operator 

y\ — >x*(y)x (yeX), 

whose norm is equal to ||x|| ||x*||. 

It is straightforward to check that if an operator T on a Banach space X 
satisfies (JDEj), then all the operators of the form a T for a > also satisfy 
()DE|) (see Lemma 2.1] for instance). We will use this fact along the paper 
without explicit mention. 

Next, let us observe that the definition of the Daugavet property for complex 
spaces may be a bit confusing, since the meaning of a rank-one operator can be 
understood in two different forms. Indeed, an operator T on a Banach space X 
is a rank-one operator if dimT(X) ^ 1. Then, when X is a complex space, two 
different classes of rank-one operators may be considered: the complex-linear 
operators whose ranks have complex-dimension 1 (i.e. operators of the form 
x*®x for x* G X* and x G X) and, on the other hand, the real-linear operators 
whose ranks have real-dimension 1 (i.e. operators of the form Rex* Cg> x for 
Rex* G (Xr)* and x G Xr). As a matter of facts, the two possible definitions 
of the Daugavet property that one may state are equivalent. 

Remark 2.1. Let X be a complex Banach space. Then, the following are 
equivalent: 



(i) Every (real) rank-one operator on Xr satisfies ()DEjl . 
(ii) Every (complex) rank-one operator on X satisfies JDEJ). 

Proof. {%) =3- (ii) follows immediately from [101 Theorem 2.3], but a direct 
proof is very easy to state. Given a complex rank-one operator T = x*, Cg> x 
with ||x*>|| = 1 and ||xo|| = 1, we have ||Id + Rexg ® xo|| = 2. Therefore, given 
£ > 0, there exists x G Sx such that ||x + ReXg(x)xo|| ^ 2 — e. It follows that 

| Rex*,(x)| ^ 1 — e, and so |Imx*,(x)| ^ £■ 
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Now, it is clear that 

||Id + T|| ^ ||x + Ta;|| = \x + Xq(x)xo|| 

^ \\x + RexQ(x)xo|| — || Imxo(x)xo|| ^ 2 — 2e. 

(ii) =>- (i). Let T = Rex^ ® x be a real rank-one operator with 

|| Recoil — ll^oll = 1 an d ll^oll = 1- 

By (ii), we have that ||Id + Xq <g> x || = 2 so, given e > 0, there exists ieSjc 
satisfying 

||x + Xo(x)a:o|| ^ 2 — e. 

If we take w6T such that cuXq(x) = \xq(x)\, then 

x* (ujx) = ujXq(x) = Rexl(ux). 

Therefore, 

||Id + T|| ^ \\ux + RexQ(a;x)a;o|| 

= \\cux + curcQ (;c)a;o|| = \\x + a; o( a; ) a; o|| ^ 2 — e. □ 

From now on, by a rank-one operator on a Banach space over K, we will 
mean a bounded K-linear operator whose image has K-dimension less or equal 
than 1. 

As we commented in the introduction, the aim of this paper is to discuss 
whether there are other isometric properties apart from the Daugavet property 
which can be defined by requiring all rank-one operators on a Banach space 
to satisfy a norm equality. A first observation is that the Daugavet property 
implies that for every rank-one operator T, the norm of Id + T only depends 
on the norm of T. It is easy to check that the above fact only may happen if 
the Banach space involved has the Daugavet property. We state and prove a 
slightly more general version of this result which we will use later on. 

Proposition 2.2. Let f : Rq — *■ ^o~ be an arbitrary function. Suppose that 
there exist a, b G IK and a non-null Banach space X over K such that the norm 
equality 

\\ald + bT\\=f(\\T\\) 

holds for every rank-one operator T G L(X). Then, f(t) = \a\ + |6| t for every 
t G Rq". In particular, if a ^ and b ^ 0, then X has the Daugavet property. 

Proof If a b = we are trivially done, so we may assume that a ^ 0, b ^ and 
we write co = m A G T. Now, we fix x G Sx, %o G Sx* such that Xq(xq) = u 

and, for each t G Rj", we consider the rank-one operator T t = tx^Xo G L(X). 
Observe that \\T t \\ = t, so we have 

/(t) = ||aId + 6T t || (£GR +). 
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Then, it follows that 

|o| + \b\t ^ f(t) = \\ald + bT t \\ ^ ||[oId + 67t](x t )|| 

= \\ax t + buotxt\\ = \a + buot\ \\x t \\ 

. b a , , ... 

a + b——t =\a\ + \o\t. 
\b\ \ a \ 

Finally, if the norm equality 

||aId + 6T|| = |a| + |6|||T|| 

holds for every rank-one operator on X, then X has the Daugavet property. 
Indeed, we fix a rank-one operator T G L(X) and apply the above equality to 

S = | T to get 

|o|(l + ||T||) = |o| + |6|||5'|| = ||oId + 65'|| = |o|||Id + T||. D 

With the above property in mind, we have to look for Daugavet-type norm 
equalities in which Id + T is replaced by other function of T. If we want such 
a function to carry operators to operators and to be applied to arbitrary rank- 
one operators on arbitrary Banach spaces, it is natural to consider g to be a 
power series with infinite radius of convergence. In other words, we consider 
an analytic function g : K — >■ K and, for each operator T G L(X), we define 

oo 
k=0 

where g(() = YlT=o ttk * s the P ower series expansion of g. The following easy 
result shows how to calculate g(T) when T is a rank-one operator. 

Lemma 2.3. Let g : IK — ► IK be an analytic function with power series 
expansion 

oo 
^"^ -k 



9(0 = } o fc C fc (Ce 



k=0 



and let X be a Banach space over IK. For x* G X* and x G X , we write 
T = x* (g) x and a = x*(x). Then, for each A G IK, 



aold + a\\T if a = 
a Id+^T tfa^O, 



9( XT ) - V r .i , ;A"A) 



where 



9(0 = 9(0 -ao (CeK). 



Proof. Given A G IK, it is immediate to check that 

(AT) fe = a fe " 1 A fe T (JfcGN). 
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Now, if a = 0, then T 2 = and the result is clear. Otherwise, we have 

oo 

g (\T) = a ld + J2 a k ot k ~ l X k T 
fe=i 

= a H +(-J2 ak a * A * I T = a ° Id + ^^-T. U 



3. Norm equalities of the form ||g(T)|| = /(||T||) 

We would like to study now norm equalities for operators of the form 

(4) \\9(T)\\=f(\\T\\), 

where / : M$ — ► Mg" is an arbitrary function and g : K — >■ K is an analytic 
function. 

Our target is to show that the Daugavet property is the only non-trivial 
property that it is possible to define by requiring all rank-one operators on a 
Banach space of dimension greater than one to satisfy a norm equality of the 
form Q . We start by proving that g has to be a polynomial of degree less or 
equal than 1, and then we will deduce the result from Proposition 12.21 

Theorem 3.1. Let g : IK — >■ IK be an analytic function and f : M^ — > Mq 
an arbitrary function. Suppose that there is a Banach space X over K with 
dim(X) ^ 2 such that the norm equality 

\\g(T)\\ = f(\\T\\) 

holds for every rank-one operator T on X . Then, there are a, b G K such that 

g(() = a + b( ((Gl). 

Proof. Let g(() = YlT=o a kC k be the power series expansion of g and let 
g = g — oo- Given a G D, we take x* a G Sx* and x a G Sx such that x* a (x a ) = ol 
(we can do it since dim(X) ^ 2), and we write T a = x* a ® x a , which satisfies 
\\T a \\ = 1. Using Lemma l2~3l for each A G K we obtain that 

p(AT ) = a Id + aiAT 
and 

g{XT a ) = a Q ld + -g(Xa) T a (a/0). 
a 

Now, fixed A G IK, we have 

/(|A|) = ||(7(AT )|| = HaoId + aiAToll, 

and 



/(|A|) = \\g(XT a 



a ld + -g(Xa)T a 
a 
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Therefore, we have the equality 



(5) 



a Id H — g(Xa)T a 
a 



||a Id + aiAT | 



(AgK, 0< |a| ^ 1). 



In the complex case is enough to consider the above equality for a = 1 and to 
use the triangle inequality to get that 

(6) |flf(A)| <2|o | + |o 1 ||A| (AeC). 

From this, it follows by just using Cauchy's estimates, that g is a polynomial 
of degree one (see Exercise 1, p. 80] or [TJl Theorem 3.4.4], for instance), 
and we are done. 

In the real case, it is not possible to deduce from inequality @ that g is a 
polynomial, so we have to return to (|HJ). From this equality, we can deduce by 
just applying the triangle inequality that 



g(\a) 



a 



Idol ^ Idol + kil |A| 



and 



| ai | |A| — |oq| ^ 



g(\a) 



a 



+ ko 



for every AgM and every a G [—1, 1] \ {0}. It follows that 
g(\a) 



(7) 



a 



°i \M 



^2\a \ (Ael, ae [-1,1] \{0}). 



Next, for t 6]1, +oo[ and k G N, we use with X = t k and a = -^y to obtain 
that 

so, letting k — ► oo, we get that 

|^)| = |oi|t (£G]l,+oo[). 

Finally, an obvious continuity argument allows us to deduce from the above 
equality that g coincides with a degree one polynomial in the interval ]1, +oo[, 
thus the same is true in the whole R by analyticity. □ 

We summarize the information given in Proposition 12.21 and Theorem 13.11 

Corollary 3.2. Let f : R^J" — >■ R^ be an arbitrary function and g : IK — > K 
an analytic function. Suppose that there is a Banach space X over K with 
dim(X) ^ 2 such that the norm equality 

\\9(T)\\ = f(\\T\\) 

holds for every rank- one operator T on X . Then, only three possibilities may 
happen: 

(a) g is a constant function (trivial case). 

(b) There is a non-null b G IK such that g(() = b( for every ( G IK (trivial 
case). 

(c) There are non-null a, b G IK such that g(() = a + b( for every (6l, 
and X has the Daugavet property. 
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Remark 3.3. The above result is not true when the dimension of the space 
is one. Indeed, for every a G L(K) = K, one has \a 2 \ = \a\ 2 . 

4. Norm equalities of the form ||Id + g(T)|| = f(\\g(T)\\) 

Let X be a Banach space over K. Our next aim is to study norm equalities 
of the form 

(8) \\ld + g(T)\\ = f(\\g(T)\\) 

where g : K — > K is analytic and / : Rq" — >■ Rq" is continuous. 

When X has the Daugavet property, it is clear that Eq. (JHJ holds for every 
rank-one operator if we take g(() = ( and /(£) = 1 + t. But, actually, every 
analytic function g works with a suitable /. 

Remark 4.1. If X is a reai or complex Banach space with the Daugavet 
property and g : K — ► K is an analytic function, the norm equality 

\\ld + g(T)\\ = \l + g(0)\-\g(0)\ + \\g(T)\\ 

holds for every weakly compact operatorT e L(X). Indeed, write g = g—g(0) 
and observe that g(T) is weakly compact whenever T is. Since X satisfies the 
Daugavet property, we have 

||M + y(T)|| = ||Id + (/(0)Id + flr(T)|| = |l + (/(0)| + ||flr(T)|| 

= (|i + ^(o)|-b(o)|) + (b(o)| + ||flf(r)ll) 

= \l + g (0)\-\g(0)\ + \\g(0)Id + g(T)\\ 

= \l+g(0)\-\g(0)\ + \\g(T)\\. 

With the above result in mind, it is clear that the aim of this section cannot 
be to show that only few g's are possible in (jBJ), but it is to show that many 
g's produce only few properties. At first, before formulating our results, let us 
discuss the case when the Banach space we consider is one-dimensional. 

Remark 4.2. 

(a) COMPLEX CASE: It is not possible to hnd a non-constant entire func- 
tion g and an arbitrary function f : Mj" — > R such that the equality 

\i + g(0\ = f(\g(0\) 

holds for every ( G C e L(C). Indeed, we suppose otherwise that 
such functions g and / exist, and we use Picard Theorem to assure the 
existence of A > such that —A, A G g(C). We get 

/(A) = |1 + A|^|1-A| = /(|-A|) = /(A), 

a contradiction. 

(b) REAL CASE: The equality 



\l + t 2 \ = 1 + |t 2 | 



holds for every t G 
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It follows that real and complex spaces do not behave in the same way with 
respect to equalities of the form given in (JHJ). Therefore, from now on we study 
separately the complex and the real cases. Let us also remark that when a 
Banach space X has dimension greater than one, it is clear that 

\\g(T)\\ > \g(o)\ 

for every analytic function g : K — ► K and every rank-one operator T G 
L(X). Therefore, the function / in ((HJ) has to be defined only in the interval 

[b(0)|,+oo[. 



• Complex case: 

Our key lemma here states that the function g in 
degree one polynomial. 



can be replaced by a 



Lemma 4.3. Let g : C — ► C be a non-constant entire function, let 
f : [|g(0)|, +oo[ — > R be a continuous function and let X be a Banach space 
with dimension greater than 1. Suppose that the norm equality 

Ud + g(T)\\ = f(\\g(T)\\) 

holds for every rank-one operator T G L(X). Then, 

|| (1 + 0(0)) Id + T\\ = |1 + ^(0)1 - \g(0)\ + ||<?(0) Id + T\\ 

for every rank-one operator T G L(X). 

Proof. We claim that the norm equality 

(9) ||(l+0(O))M + T||=/(||0(O)Id + T||) 

holds for every rank-one operator T G L(X). Indeed, we write g = g — g(0) and 
we use Picard Theorem to assure that g(C) is equal to C except for, eventually, 
one point a G C. Next, we fix a rank-one operator T = x* (g> x with x* G X* 
and x G X. If x*(x) ^ and x*(x) ^ ao, we may find ( 6 C such that 
g(() = x*(x), and we use Lemma E31 to get that 

c 



9 



x*(x) 



T 



g(0)ld + -^T 



x*(x) 



g(0)ld + T. 



We deduce that 

[l + g(0))ld + T\ 



Id + g 



c 



f 



9 



x*(x) 

c 



T 



T 



^x*(x) 

The remaining cases in which x*(x) = or x*(x 
equality thanks to the continuity of /. 

To finish the proof, we have to show that 

f{t) = \l + g(0)\-\g{0)\+t (t>\g(0)\). 



■f(\\g(0)Id + T\\). 

«o follow from the above 
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Suppose first that g(0) = — 1. We take x G Sx and x* G Sx* such that 
x*(x) = 1 and, for every t ^ 1, we define the rank-one operator 

T t = (1 - t) x* ® x. 

It is immediate to show that 

||-Id + T t ||=£ and \\T t \\=t-l. 

Then, it follows from Q that f(t) = t — 1, and we are done. 

Suppose otherwise that 0(0) ^ —1. We take x E Sx and x* G Sx* such that 
x*(x) = 1 and, for every t ^ |<7(0)|, we define the rank-one operator 

Tt = ^TW)\ {t ' l9mx ^ x - 

It is routine to show, by just evaluating at the point x, that 

|| (1 + 0(0)) Id + T t || = |l + <7(0)| +t-\g(0)\. 

Therefore, if follows from (J0J) that 

(10) f(\\g(0)ld + T t \\) = \l + g(0)\+t-\g(0)\, 

and the proof finishes by just proving that 

||<7(0)Id + T t ||=£. 

On the one hand, it is clear that 

|Uj(0)Id + T t || ^ \g(0)\ + \\T t \\ = \g(0)\+t-\g(0)\=t. 

On the other hand, the converse inequality trivially holds when g(0) = 0, so 
we may suppose g(0) ^ and we define the rank-one operator 

St = ^ {\\g(0)Id + T t \\ - \g(0)\) x* ® x- 



It is routine to show, by using that \\g(0) Id + S t \\ ^ 10(0)1 and evaluating at 
the point x, that 

\\g(0) Id + S t \\ = \\g(0) Id +T t \\. 
From the above equality, (jHJ), and (fT0|) . we deduce that 

\1 + g(0)\ +t - \g(0)\ = f(\\g(0)ld + S t \\) = \\(1 + g(0))ld + S t \\ 

^\l + g(0)\ + \\S t \\ = \l + g(0)\ + \\g(0)U + T t \\-\g(0)\, 

so t ^ 110(0) Id + T t \\ and we are done. □ 

In view of the norm equality appearing in the above lemma, two different 

cases arise either 1 1+0(0) I 7^ \g(0)\ or |1+0(O)| = |g(0)|; equivalently, Re0(O) 7^ 
— 1/2 or Re 0(0) = —1/2. In the first case, we get the Daugavet property. 
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Theorem 4.4. Let X be a complex Banach space with dim(X) ^ 2. Suppose 
that there exist a non-constant entire function g : C — > C with Reg(O) ^ — ~ 
and a continuous function f : [|g(0)|, +oo[ — > "Rq, such that the norm equality 

\\U + g(T)\\ = f(\\g(T)\\) 

holds for every rank-one operator T G L(X). Then, X has the Daugavet 
property. 

Proof. Let us first suppose that Reg(O) > — 1/2 so that 

M = |1 + 0(O)|- \g(0)\ >0. 

Then, dividing by M the equation given by Lemma f4. 31 we get that the norm 
equality 
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holds for every rank-one operator T G L(X). Now, we take lj, £ G T such that 

w (1 + (7(0)) = |1 + (7(0)| and £g{0) = \g( 
we fix a rank-one operator T G L(X), and we observe that 
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It follows straightforwardly from the arbitrariness of T that the norm equality 
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holds for every rank-one operator T G L(X). Now, we claim that 
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for every rank-one operator T G £(-X"). Indeed, by the triangle inequality, we 
deduce from (fT2l that 
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for every rank-one operator T G L(X) and, for every n G N, applying the 
above inequality n times, we get that 
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the claim follows from the easy fact that the sequence < (^) > has a sub- 
sequence which converges to 1. 
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Now, given a rank-one operator T G L(X), it follows from (fT2|) and (H 
that 
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holds and, therefore, for every n G N we get 
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To finish the proof, we fix a rank-one operator S G L(X) and n G N, and we 
apply the above equality to T = n S to get that 



Mld + S 



1 + II5H 



Id + 5 + Mld 

We let n — > oo to deduce that 

||Id + S|| 
so X has the Daugavet property. 
In case that Reg(O) < — |, we write 

M =-|l + <?(0)| + |^(0)| >0 
and we deduce from Lemma l4~3l that, the norm equality 



£M id + ± T 

M 1U T M 



1 + 
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M+^T 



holds for every rank-one operator T G T(X). The rest of the proof is com- 
pletely analogous, using the above equality instead of (jTTJ) . □ 

When Reg(0) = — |, the above proof does not work. Actually, contrary to 
all the previous cases, another family of properties apart from the Daugavet 
property appears. More concretely, let X be a complex Banach space with 
dimension greater than two, let g : C — ► C be a non-constant entire function 
with Reg(0) = —1/2, and let / : [|g(0)|, +oo[ — >■ R be a continuous function, 
such that the norm equality 

l|Id + 2(T)|| = /(|| 5 (T)||) 

holds for every rank-one operator T G L(X). Then, we get from Lemma 14.31 
that 

||(l + s(0))ld + T|| = |ls(0)Id + T|| 

for every rank-one operator T G L(X). Therefore, being |1 + g(0)\ = \g(0)\, 
we deduce that there are wi, w 2 6 C with u)\ ^ u 2 and |a;i| = \u 2 \, such that 

||Id + WiT|| = ||Id + cj 2 T|| 

for every rank-one operator T G L(X) or, equivalently, that there is u G T\{1} 
such that 

||Id + a;T|| = ||Id + T|| 

for every rank-one operator T G L(X). It is routine to check that, fixed a 
Banach space X, the set of those w 6 T which make true the above equality 
for all rank-one operators on X is a multiplicative closed subgroup of T. Recall 
that such a subgroup of T is either the whole T or the set of those n th -roots 
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of unity for a positive entire n ^ 2. Let us state the result the we have just 
proved. 

Theorem 4.5. Let X be a complex Banach space with dim(X) ^ 2. Suppose 
that there exist a non-constant entire function g : C — > C with Reg(O) = — ~ 
and a continuous function f : [|g(0), +oo[ — > M^ , such that the norm equality 

\\ld + g(T)\\ = f(\\g(T)\\) 

holds for every rank-one operator T G L(X). Then, there is uo G T \ {1} such 
that 

||Id + wT|| = ||H + T|| 

for every rank-one operator T G L(X). Moreover, two possibilities may hap- 
pen: 

(a) If u n ^ 1 for every n E N, then 

||Id + £T|| = ||H + T|| 

for every rank-one operator T G L(X) and every (Gl 

(b) Otherwise, if we take the minimum n G N such that u n = 1, then 

||Id + £T|| = ||Id + T|| 
for every rank-one operator T G L(X) and every n th -root £ of unity. 

The next example shows that all the properties appearing above are strictly 
weaker than the Daugavet property. 

Example 4.6. The real or complex Banach space X = C[0, 1] © 2 C[0, 1] does 
not have the Daugavet property. However, the norm equality 

||Id + wT|| = ||Id + T|| 

holds for every rank-one operator T G L(X) and every w6l 

Proof X does not have the Daugavet property by |21 Corollary 5.4]. For the 
second assertion, we fix u G T and a rank-one operator T = x* ® x on X (we 
take x G Sx and x* G X*), and it is enough to check that 

||Id + wT|| 2 ^ ||Id + T|| 2 . 

To do so, we write x* = (x\,x* 2 ) and x = (x 1 ,x 2 ), with x\, x* 2 G C[0, 1]* and 
x±, X2 G C[0, 1], and we may and do assume that 

n\ n 2 

X* = Hi + ^ a i&r 3 X\ = yU 2 + ^ ^ s i ' 

i=l j=l 

where a ly . . , a ni , f3 u . . . , (3 n , 2 G C, r u . . . , r ni , s ly . . , s„ 2 G [0, 1], and //i, 
jj,2 are non-atomic measures on [0, 1] (indeed, each rank-one operator can be 
approximated by operators satisfying the preceding condition). 

Now, we fix < e < 1 and we consider y — (2/1, 2/2) G Sx such that 

(14) \\y + Ty\\ 2 = \\ Vl + x*(y)x 1 \\ 2 + \\y 2 + x*(y)x 2 \\ 2 ^ ||Id + T\\ 2 - s. 
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Since x\, x 2 , y\, and y 2 are continuous functions and [0, 1] is perfect, we can 
find open intervals A l5 A 2 C [0, 1] so that 

(15) \ yi (t) + x*{y)xi(t)\ ^ U + x*{y)xi\\ -e (t G A,, i = 1, 2) 
and 

(16) Ai n { rj : j=l,..., nx} = 0, A 2 n { Sj : 3 = 1, . . . , n 2 } = 

Furthermore, using that /ii, /i 2 are non-atomic and reducing Ai, A 2 if neces- 
sary, we can assume that they also satisfy 



(17) M/)l<e ll/H, \M\<e 

for every f,g G C[0, 1] with supp(/) C Ai, supp(#) C A 2 . 

Now, we fix t\ G Ai and t 2 G A 2 . For i = 1,2, we take piece-wise linear 
continuous functions <pi : [0, 1] — > [0, 1] such that 

<Pi(U) = l and i ([O,l]\A 4 )={O}, 

and we define 

Vi = Vi(l -(pi + uxfii). 
It is easy to check that 

\l-<f>i{t)+u;<f>i{t)\^l (tG[0,l]), 

so, \\y>i\\ ^ |||/i||- This implies that \\y\\ = \\(yi,y 2 )\\ ^ 1 and, therefore, 

(18) ||Id + uoT\\ 2 > \\y + uoT{y)\\ 2 = \\y x + u J x*{y)x 1 \\ 2 + \\y 2 + ux*{y)x 2 \\ 2 . 

Since, clearly, 

y i -y i = (l- oj)y4i, (i = 1, 2) 

we deduce from ifTKI) . (|T7jl . and the fact that supp(0j) C Aj, that 

\**{y -y)\< K(yi -m)\ + \A(vz - &)l < 4eM, 

where M = max{||x*||, ||x 2 ||}. Using this, (jTKl) . and the fact that ||x|| = 1, we 
obtain the following for i = 1, 2: 

||ifc + u>a;*(j/)a;i|| ^ ||yi + ux*(y)xi\\ - |x*(y-y)| 
^ |jTi(ti)+wa;*(3/)x i (ti)|-4eM 

= \uy i (t i )+ux*(y)x i (t i )\-4eM 
= \yi(U)+x*(y)xi(ti)\-4eM 
> \\y i + x*(y)x i \\ -e-AeM. 

Finally, using this together with (fTif and (fT8|) . it is not hard to find a suitable 
constant K > such that 

||Id + c;T|| 2 ^ ||Id + T|| 2 -K£, 

which finishes the proof. □ 
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• Real case: 

The situation in the real case is far away from being so clear. On the one 
hand, the proof of Lemma PP1 remains valid if the function g is surjective (this 
substitutes Picard Theorem) and then, the proofs of Theorems 14 . 41 and 14 . 51 are 
valid. In addition, Example l4.6l was also stated for the real case. The following 
result summarizes all these facts. 

Theorem 4.7. Let X be a real Banach space with dimension greater or equal 
than two. Suppose that there exists a surjective analytic function g : R — >■ R 
and a continuous function f : [|g(0), +oo[ — ► Rjj", such that the norm equality 

\\ld + g(T)\\ = f(\\g(T)\\) 

holds for every rank-one operator T G L(X). 

(a) If g(0) 7^ —1/2; then X has the Daugavet property. 

(b) If g(0) = —1/2, then the norm equality 

||Id-T|| = ||Id + T|| 

holds for every rank-one operator T G L(X). 

(c) The real space X = C[0, 1] ©2 C[0, 1] does not have the Daugavet prop- 
erty but the norm equality 

||Id-T|| = ||Id + T|| 

holds for every rank-one operator T G L(X). 

On the other hand, we do not know if a result similar to the above theorem 
is true when the function g is not onto. Let us give some remarks about two 
easy cases: 

g (t) = t 2 (te R) and g(t) = -t 2 (£ G M). 

In the first case, it is easy to see that if the norm equality 

||Id + T 2 || = /(||T 2 ||) 

holds for every rank-one operator, then f(t) — 1 + 1 and, therefore, the inter- 
esting norm equality in this case is 

(19) ||Id + T 2 || = 1 + ||T 2 ||. 

This equation is satisfied by every rank-one operator T on a Banach space X 
with the Daugavet property. Let us also recall that the equality 

|l + i 2 | = 1 + \t 2 \ 

holds for every t G L(R) = R (Remark 14. 2jl . For the norm equality 

||Id-T 2 || = /(||T 2 ||), 

we are not able to get any information about the shape of the function /. 
Going to the 1-dimensional case, we get that 

|1 -t 2 \ =max{l - |t 2 |,|t 2 | - 1} 



V. Kadets, M. Martin, and J. Meri 17 

for every t G L(R) = M, but it is not possible that the corresponding norm 
equality holds for all rank-one operators on a Banach space with dimension 
greater than one (in this case, ||Id — T 2 || ^ 1). On the other hand, if a Banach 
space X has the Daugavet property, then 

(20) ||Id-T 2 || = 1+ ||T 2 || 

for every rank-one operator T G L(X). Therefore, an interesting norm equality 
of this form could be the above one. 

Let us characterize the properties which flow out from the norm equalities 
(HU and (|2QJ). 

Proposition 4.8. Let X be a real Banach space. 

(a) The following are equivalent: 

(i) 1 1 Id + T 2 1 1 = 1 + ||T 2 || for every rank-one operator T . 
(ii) ||Id + x* <g) x\\ = 1 + \\x* <g> x\\ for x* G X* , x G X with x*(x) ^ 0. 
(in) For every x G Sx, x* G Sx* with x*(x) ^ 0. and every e > 0. 
there exists y G Sx such that 

\\x + y\\ > 2 — e and x*(y) > 1 — e. 

(b) The following are equivalent: 

(i) 1 1 Id — T 2 1 1 = 1 + ||T 2 || for every rank- one operator T . 
(ii) ||Id + x* <g> x\\ = 1 + \\x* ® x\\ for x* G X* , x G X with x*(x) ^ 0. 
(Hi) For every x G Sx, x* G Sx* with x*(x) ^ ; and every e > 0, 
there exists y G Sx such that 

\\x + y\\ > 2 — e and x*(y)>l — e. 

Proof. We give our arguments just for item (a), following (b) in the same way. 
(i) =^ (ii). We consider x G X and x* G X* with x*(x) > 0, and we write 
T = x* <8> x. Let us observe that the rank-one operator S = (x*(x)) T 
satisfies 5* 2 = T, so we get 

1 + ||T|| = 1+ ||5 2 || = ||Id + 5 2 || = ||Id + T||. 

To finish the argument, it suffices to observe that any x* <E> x with x*(x) = 
can be approximated in norm by operators of the form y* ® y with y*(y) > 0, 
and that the set of rank-one operators satisfying (jDEjl is closed. 

(ii) =3- (i). Just observe that for every rank-one operator T = x* <8> x, it is 
clear that T 2 = x*(x) T and, therefore, T 2 = y* <g> x where y* = x*(x) x* with 

y*( X ) = (x*(x)) 2 ^0. 

Finally, for the equivalence between (ii) and (Hi) just follow the proof of 
Uni Lemma 2.1] or |2Hl Lemma 2.2]. □ 
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5. The new properties 

Our aim in this section is to give some remarks concerning the properties 
appearing at Theorems 14.51 and 14.71 b. i.e. we consider a non-trivial multiplica- 
tive subgroup A of T and study those Banach spaces for which all rank-one 
operators satisfy the norm equality 

||Id + wT|| = ||Id + T||. 

In the real case, only one property arises; in the complex case, there are infin- 
itely many properties and we do not know if all of them are equivalent. 

Our first (easy) observation is that all these properties pass from the dual 
of a Banach space to the space. We will see later that the converse result is 
not valid. 

Remark 5.1. Let X be a Banach space and let u G T. Suppose that the 
norm equality 

||Id + wT|| = ||Id + T|| 

holds for every rank-one operator T G L(X*). Then, the same is true for 
every rank-one operator on X . Indeed, the result follows routinely by just 
considering the adjoint operators of the rank-one operators on X. 

Our next results deal with the shape of the unit ball of the Banach spaces 
having any of the properties 

By a slice of a subset A of a normed space X we mean a set of the form 

S(A,x*, a) = {x G A : Rex*(x) > supRex*(A) — a} 

where x* G X* and a G IR + . If X is a dual space, by a weak* -slice of a subset 
A of X we mean a slice of A defined by a weak*-continuous functional or, 
equivalently, a weak*-open slice A. 

Proposition 5.2. Let X be a real or complex Banach space and let A be a 
non-trivial closed subgroup of T. Suppose that the norm equality 

||Id + wT|| = ||Id + T|| 

holds for every rank-one operator T G L(X) and every u G A. Then, the slices 
of Bx and the weak* -slices of Bx* have diameter greater or equal than 

2-inf{|l + w| : cu E A}. 

Proof. We give the arguments only for slices of Bx, being the proof for weak*- 
slices of Bx* completely analogous. We fix x* G Sx* and < a < 2. Given 
< e < a, we take x G Sx such that Rex*(x) > 1 — e and so, in particular, 
x G S(Bx,x*,a). We define the rank-one operator T = x* <8> x and observe 
that 

||Id + T\\ ^ \\x + x*(x) x\\ = \\x\\ |1 + x*(x)\ ^ |1 + Rex*(x)\ >2-e. 
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By hypothesis, for every u E A we may find y G Sx such that 

\\y + ujx*{y) x\\ > 2 — e 

so, in particular, 

\x*{y)\ >l-e. 
We take (6T such that £,x*(y) = \x*(y)\ and we deduce that 

iy G S(B x ,x*,a). 
From the inequalities 

My - x\\ = \\£y + ux*(£y)x - ujx*(£y)x - x\\ 

> \\tV + wx*(£v)x\\ - \l + ux*(£y)\ 
>2-e- \l + u\x*(y)\\ 
and 

\l + u\x*{y)\\ < \l + LU + iu(\x*{y)\ - 1)| 

< |l + w| + |l- \x*(y)\\ < |l + w|+e, 

we get 

Uy-x\\ > 2-2e- \l + u\. D 

It is well-known that the unit ball of a Banach space X with the Radon- 
Nikodym property has many denting points and the unit ball of the dual of an 
Asplund space has many weak*-denting points. Recall that xq G Bx is said 
to be a denting point of Bx if it belongs to slices of Bx with arbitrarily small 
diameter. If X is a dual space and the slices can be taken to be weak*-open, 
then we say that xq is a weak* -denting point. We refer to [3 E] for more 
information on these concepts. 

Corollary 5.3. Let X be a real or complex Banach space and let u G T\ {1}. 
// the norm equality 

||Id + wT|| = ||Id + T|| 

holds for every rank-one operator T G L(X), then Bx does not have any 
denting point and Bx* does not have any w* -denting point. In particular, X 
is not an Asplund space and it does not have the Radon- Nikodym property. 

In view of this result, it is easy to show that the converse of Remark (5. II is 
not true. 

Example 5.4. The real or complex space X = C[0, 1] satisfies that the norm 
equality 

||Id + wT|| = ||Id + T|| 

holds for every rank-one operator T G L(X) and every u> G T, in spite of the 
fact that for every w 6 T\{1}, there is a rank-one operator S G L(X*) such 
that 

\\ld + uS\\ < ||Id + 5||. 
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Indeed, the first assertion follows from the fact that X has the Daugavet 
property; the second one follows from Corollary 15.31 since the unit ball of X* 
is plenty of denting points. 

One of the properties we are dealing with is related to a property for one- 
codimensional projections. 

Remark 5.5. Consider a Banach space X such that the equality 

||Id + T|| = ||Id-T|| 

holds true for every rank-one operator T <G L(X). If we apply this equality to 
an operator P which is a rank-one projection, we get 

||Id-P|| ^2, 

i.e. every one-codimensional projection in L(X) is at least of norm 2. Such 
spaces were introduced recently [13] and are called "spaces with bad projec- 
tions". 



[1 
f2 
[3 
[4 
[5 
[6 
[7 
[8 
[9 
[10 

[11 
[12 

[13 
[14 
[15 



References 

Y. Abramovich and C. Aliprantis, An invitation to Operator Theory, Graduate 
Texts in Math. 50, AMS, Providence, RI, 2002. 

Y. Abramovich and C. Aliprantis, Problems in Operator Theory, Graduate Texts 
in Math. 51, AMS, Providence, RI, 2002. 

Y. A. Abramovich, C. D. Aliprantis, and O. Burkinshaw, The Daugavet equation in 
uniformly convex Banach spaces, J. Funct. Anal. 97 (1991), 215-230. 
J. Becerra Guerrero, and M. Martin, The Daugavet property of C*-algebras, 
JB*-triples, and of their isometric preduals, J. Funct. Anal. 224 (2005), 316-337. 
Y. Benyamini, and P. K. Lin, An operator on LP without best compact approxima- 
tion, Israel J. Math. 51 (1985), 298-304. 

D. Bilik, V. Kadets, R. Shvidkoy, and D. Werner, Narrow operators and the 
Daugavet property for ultraproduts, Positivity 9 (2005), 45-62. 

R. R. Bourgin, Geometric Aspects of Convex Sets with the Radon-Nikodym Property, 
Lecture Notes in Math. 993, Springer- Verlag, Berlin 1983. 

K. Boyko and V. Kadets, Daugavet equation in L\ as a limit case of the Benyamini- 
Lin L p theorem, Visn. Khark. Univ., Ser. Mat. Prykl. Mat. Mekh. 645 (2004), 22-29. 
J. B. Conway, Function of one complex variable, Graduate Text in math. 11, Springer- 
Verlag, New York, 1973. 

I. K. Daugavet, On a property of completely continuous operators in the space C , 
Uspekhi Mat. Nauk 18 (1963), 157-158 (Russian). 

J. Diestel and J. J. Uhl, Vector Measures, Math. Surveys 15, AMS, Providence 
1977. 

R. E. Greene and S. G. Krantz, Function Theory of One Complex Variable, Grad- 
uate Studies in Mathematics 40, AMS, Providence, RI, 2002. 

Y. Ivakhno and V. Kadets, Unconditional Sums of Spaces with Bad Projections, 
Kharkov National University Vestnik 645 (2004), 30-35. 

Y. Ivaknho, V. Kadets, and D. Werner, The Daugavet property for spaces of 
Lipschitz functions, preprint. 

V. M. Kadets, Some remarks concerning the Daugavet equation, Quaestiones Math. 
19 (1996), 225-235. 



V. Kadets, M. Martin, and J. Men 21 

[16] V. Kadets, A generalization of a Daugavet's theorem with applications to the space 

C geometry, Funktsional. Analiz i ego Prilozhen. 31 (1997), 74-76. (Russian) 
[17] V. Kadets and R. Shvidkoy, The Daugavet property for pairs of Banach spaces, 

Matematicheskaya Fizika, Analiz, Geometria, 6 (1999), 253-263. 
[18] V. M. Kadets, R. V. Shvidkoy, G. G. Sirotkin, and D. Werner, Espaces de 

Banach ayant la propriete de Daugavet, C. R. Acad. Sci. Paris, Ser. I, 325 (1997), 

1291-1294. 
[19] V. Kadets, R. Shvidkoy, G. Sirotkin, and D. Werner, Banach spaces with the 

Daugavet property, Trans. Amer. Math. Soc. 352 (2000), 855-873. 
[20] M. Martin, The Daugavetian index of a Banach space, Taiwanese J. Math. 7 (2003), 

631-640. 
[21] M. Martin and T. Oikhberg, An alternative Daugavet property, J. Math. Anal. 

Appl. 294 (2004), 158-180. 
[22] T. Oikhberg, The Daugavet property of C* -algebras and non-commutative L p -spaces, 

Positivity 6 (2002), 59-73. 
[23] T. Oikhberg, Spaces of operators, the -0-Daugavet property, and numerical indices, 

Positivity 9 (2005), 607-623. 
[24] A. Pelczynski, On the impossibility of embedding of the space L in certain Banach 

spaces, Colloq. Math. 8 (1961), 199-203. 
[25] A. Plichko, and M. M. Popov, Symmetric function spaces on atomless probability 

spaces, Diss. Math. 306 (1990), 1-85. 
[26] R. V. Shvidkoy, Geometric aspects of the Daugavet property, J. Funct. Anal. 176 

(2000), 198-212. 
[27] D. Werner, An elementary approach to the Daugavet equation, in: Interaction be- 
tween Functional Analysis, Harmonic Analysis and Probability (N. Kalton, E. Saab and 

S. Montgomery-Smith editors), Lecture Notes in Pure and Appl. Math. 175 (1994), 

449-454. 
[28] D. Werner, Recent progress on the Daugavet property, Irish Math. Soc. Bull. 46 

(2001), 77-97. 
[29] P. Wojtaszczyk, Some remarks on the Daugavet equation, Proc. Amer. Math. Soc. 

115 (1992), 1047-1052. 



